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Introduction

D UTTON and Addy performed series expansion solutions for
the transonic � ow� eld in the throat region of axisymmetric1

andannular2 nozzles.Their resultscomparedwell with experimental
data. The solution method utilized an expansion parameter de� ned
so as to improve the solution convergence even for small wall radii
of curvature. For the annular case, the perturbationvelocity compo-
nents were expanded in power series in the parameter e , de� ned as
e =1/ ( R̄c + g ), where R̄c = Rc / D is theaveragedimensionlesswall
radiusofcurvatureat the throat, D is the throathalfheight,and g is an
arbitrary parameter included to improve the solution convergence.
Order of magnitude assumptions required in the solution method
limited the analysis of Ref. 2 to small � ow inclination angles. To
overcome this limitation, Carroll and Dutton3 performed the series
expansion solution for the case of annular throat � ow inclined at
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arbitrary but large angles to the nozzle axis of symmetry, that is, for
radial or nearly radial supersonic nozzles. The solution is also ap-
plicable to the two-dimensionalplanar case. Although this solution
was shown to satisfy several internal checks for consistency, it was
neververi� ed experimentally.The purposeof this Note is to perform
an experimental veri� cation of the transonic solution for the planar
case of Ref. 3. Pressure-sensitive paint (PSP) was selected as the
primary measurement tool because of its high spatial resolution in
regionsof strong gradients.Thus, a secondarypurposeof this paper
is to evaluate the PSP technique for this type of � ow.

Formulation and Experimental Setup
The nozzle geometry for the planar case is shown in Fig. 1. The

origin of the x – y coordinate system is located at the minimum area
locationand equidistantbetween the nozzle walls. The x axis points
in the mean � ow direction, and the orthogonal y axis maintains a
right-handedsystem. The walls are symmetric about the x axis. The
governingequations are the irrotationalitycondition and the gasdy-
namic equation. The boundary conditions are that the nozzle walls
are streamlines. A regular perturbation solution about a uniform
sonic � ow is then obtained with the details given by Carroll and
Dutton.3

The PSP was a dual-probepressure/temperaturesensitivecoating
with characteristics similar to that reported by Carroll et al.4 The
side wall of the test section was made from aluminum, which serves
as a thermal sink and tends to mask the expected wall temperature
variations.Because of this, the test region did not exhibit signi� cant
spatial variations in temperature; thus, only the pressure sensing
function of the dual-probe PSP was utilized. The PSP data collec-
tion and analysis methods were similar to those reported by Morris
et al.5 Intensity data were converted to pressure with a fourth-order
polynomial calibration function:

P

Pref
=

n

i = 0

ci
Iref

I

i

, n = 4 (1)

The constants c0, . . . , c4 were determined by curve� tting calibra-
tion data in the range from 13.8 to 179.3 kPa. Pressure data were
converted to Mach number using standard isentropic relations.

To smooth out any peaks resulting from the misalignment of the
wind-onand referenceimages and imperfectionsin the paint, a � lter
of both averaging and median was applied.The averagingwas done
over a local 5 £ 5 pixel matrix and the median � lter used the median
of the element values of the same matrix:

M = a M̄ + (1 ¡ a )M̃ , a = 0.25 (2)

with M̄ as the averageand M̃ as the median.By theuse of themedian
� ltering, the sharp edges occurring at the walls were not smoothed
out as would be the case of pure averaging.

The experiments were conducted in a blowdown wind tunnel at
the University of Florida. Looking in the � ow direction, the right
wall was a � at Plexiglas plate, and the left wall was a � at aluminum
test plate covered with primer and PSP. Two different aluminum
plates were tested. The � rst had eight pressure taps along the cen-
terlineand sevenT-typethermocouples.The secondtestplatehad 15
pressure taps, 9 of them in a 3 £ 3 matrix in the throat region and the
rest along the centerline.The second plate also had two T-type ther-
mocouplesalong the centerline.Two symmetric nozzleblocks,with
circulararc throatpro� les,weremounted in the top andbottomwalls

Fig. 1 De� nition of coordinate system
for symmetric planar nozzle throat.
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to form the convergent–divergentnozzle.The throathalf-heightwas
D =15.0 mm, and the width was 38.1 mm. The dimensionlesswall
radii of curvature was equal to Rc / D =1.0 and 2.0.

Two � ltered tungsten-halogenlamps [450 nm, 40 nm full width at
half maximum (FWHM)] excited the PSP. The PSP had dual prop-
erties with emissions in the 550-nm band for temperature and the
650-nm band for pressure. The collection optics included a 40-nm
FWHM bandpass � lter centered at 650 nm to reject the excitation
light and the temperatureprobeemission.Intensitieswere then mea-
sured with a 14-bit, 512 £ 512 pixel cooled charge-coupleddevice
camera.A 50-mmfocal length lens yieldedan effectivepixel density
of 36.2 pixels/cm in the image.

When the tests were performed, the tunnel was run until the plate
had reached a steady-state temperature distribution. A series of 20
wind-on images were then taken and averaged to reduce shot noise.
The mean intensity in the region of interest for a single image was
76,000 electrons, which, when accounting for the 20-image frame
averaging,yielded a mean shot noise of 0.08%. A similar procedure
was used to collect the wind-off reference intensities. The wind-
off reference image was collected at the end of the run to mini-
mize temperature effects. Digitization noise in the mean intensity
value was 0.006%. Thus, the total uncertainty in the mean intensity
measurement was 0.08% (shot noise limited measurement). This
corresponds to a random uncertaintyof 0.32% in the pressure ratio,
P / Pref .

For calibrationpurposes,the test sectionwas closedoff and served
as a calibrationchamber. The pressure could be regulatedfrom 13.8
to 179.3kPa with an accuracyof §0.14 kPa. This made it possibleto
perform calibrations with the same light conditions as the wind-on
and referencemeasurements.The combineduncertaintyin the pres-
sure from all sourceswas 0.45% for a typicalmeasurementlocation.

Results
Because the theory provides solutions in terms of local dimen-

sionlessvelocities,the pressuredata from the PSP were convertedto
Mach number for comparisonpurposes.The convergenceparameter
g was introducedin theexpansionparameter e as e = 1/ (Rc / D + g ).
When e ! 1 (i.e., as the wall radius of curvature was decreasedbe-
low Rc / D =1.0 or 2.0), the convergenceof the code improved with
increasing g . Based ona convergencestudyand the resultsof Carroll
and Dutton,3 a value of g =2 was found to be suitable and was used
in the rest of this study.

Fig. 2 Mach number contours obtained from PSP (——) and theory
(– – –) with the Rc/D = 1:0 nozzle blocks; Mach number M = 0:8, 1.0, and
1.3.

Fig. 3 Mach number contours obtained from PSP (——) and theory
(– – –) with the Rc/D = 2:0 nozzle blocks; Mach number M = 0:8, 1.0, and
1.3.

A comparison between theory and measurements is visualizedin
the contour plots of Figs. 2 and 3 with Rc / D = 1.0 and 2.0, respec-
tively. The nozzle walls are indicated as dark lines at the top and
bottomof the symmetricgeometry.The small arrows at x =0 denote
the throat location. Near the centerline, the Mach number distribu-
tions were accurately predicted, but the comparison of the whole
� ow� eld showed discrepancies near the nozzle walls. A possible
source for the erroneous behavior close to the wall was re� ections
in sharp corners. Because the nozzle had a width of 38.1 mm, the
exposing light was partly re� ected on the top and bottom nozzle
walls as well as off the PSP-coated side plate. The problem can be
reduced by using diffuse re� ection according to Davies et al.,6 but
the disturbance did not affect the general data. Overall, the theory
(dashed lines) tended to overpredictthe subsonic� ow and underpre-
dict the supersonic � ow. The difference in Mach number between
theory and experiment was less then 0.035 for the range from 0.8
to 1.3 for both Rc / D. The optical con� guration made it possible to
resolve the pressuredata in stepsof 3.63 kPa/pixel, correspondingto
Mach number gradientof 0.032/pixel. Thus, the differencebetween
theory and measurements is on the order of the discretization level
of the PSP measurement. This demonstrates the ability to perform
high-resolutionpressure measurements in accelerating� ows of this
type.

Conclusions
A comparison was made between experiments and theory for

the � ow in the transonic region of a supersonic planar nozzle. The
main experimental techniquewas PSP, and the theory was based on
a transonic perturbation solution. Agreement between theory and
experiment appears to be better for the subsonic and sonic portions
of the � ow. However, agreement at all Mach numbers considered
(0.8–1.3) was within the experimental uncertainty, indicating the
validity of the transonic solution of Carroll and Dutton.3
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I. Introduction

P REVIOUS work by Hornung1 considered the dependence of
the normalized shock standoff distance on the normalized dis-

sociation rate immediately after the normal shock in the simple
case of a diatomic gas with only one reaction. His work allowed
the dissociative nonequilibrium effects on the � ow� eld to be cor-
related for this specializedcase. More recently, Hornung and Wen2

extended this previous work to complex gas mixtures with many
species and many reactionsand to correct the correlation so that the
additional parameter of the normalized freestreamkinetic energy is
accounted for. For the cases that they were considering, dissocia-
tive effectsdominatedthe � ow� eld behavior.However, at somewhat
lower speci� c total enthalpies,vibrationalnonequilibriumbehavior
is dominant and can affect the shock standoff distance in a manner
that is analogousto the dissociationcases. Because of this, we have
applied their analytic approach to the case where vibrational relax-
ation effects are important and use the theoretical predictions as a
basis for correlating recent ballistic range data. Though the anal-
ysis can be extended to account for a nonequilibrium freestream
upstream of the bow shock, we limit ourselves to an equilibrium
freestream in the current work.

II. Theoretical Considerations
Following Hornung and Wen,2 we consider the conditionson the

stagnation streamline along the symmetry axis between the shock
and the stagnation point. The momentum and energy equations for
inviscid adiabatic � ow along this streamline, in the shock’s frame
of reference, are given by
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dp + q u du = 0 (1)

dh + u du = 0 (2)

respectively, where p, q , u, and h are the pressure, density, � ow
speed,andspeci� c enthalpy,respectively.From these two equations,
one obtains the following relationship between the changes in the
pressure and the speci� c enthalpy:

dp = q dh (3)

For the case of a molecular gas, for which the vibrational modes
are in equilibrium with each other at a vibrational temperature Tvib,
while the rotationaland translationalmodes are in equilibriumwith
each other at a temperature T , the entropy change per unit mass is
given by3

ds = (1/ T ) de + ( p/ T ) d(1/ q ) + [(1/ Tvib) ¡ (1/ T )] devib (4)

where e is the internal energy per unit mass and evib is the internal
energy per unit mass due to vibrational excitation. In the case of
a mixture of M atomic and diatomic constituents, N of which are
molecular species that have vibrational degrees of freedom, this
equation can be generalized to give

ds =
1
T

de +
p

T
d

1
q

+
i = N

i = 1

ci
1

Tvib,i
¡

1
T

devib,i (5)

where the subscript i identi� es the chemical species; ci is the mass
fraction of species i ; evib, i is the internal energy per unit mass of
a molecular species due to its vibrational excitation; the diatomic
species are identi� ed by values of i , where 1 ·i · N ; and atomic
species are identi� ed by values of i , where (N + 1) ·i · M .

From Eq. (3) and the relationship between the speci� c internal
energy, the speci� c enthalpy, the pressure, and the density, the only
entropy change that occurs along the stagnation streamline is that
associated with vibrational excitation. That is,

ds =
i = N

i = 1

ci
1

Tvib,i
¡

1
T

devib,i (6)

Considering the internal degrees of freedom, we note that each
species will have speci� c internal energy of translation

etrans,i = 3
2
Ri T (7)

where Ri is the gas constant for species i . In addition, each of the
molecular species will have speci� c internal energy of rotation

erot,i = Ri T (8)

and speci� c internal energy of vibration

evib,i =
Ri h vib,i

exp(h vib,i / Tvib, i ) ¡ 1
(9)

where h vib,i is the characteristictemperatureof vibrationof diatomic
species i . Using the relationshipbetween speci� c enthalpy, speci� c
internal energy, and pressure, the speci� c enthalpy is then given by

h =
3

2

i = M

i = 1

ci Ri +
i = N

i = 1

ci Ri T +
i = N

i = 1

ci evib,i +
p

q
(10)

De� ning two mass-averagedgas constants, as follows

R̄vib =
i = N

i = 1

ci Ri (11)

R̄ =
i = M

i = 1

ci Ri (12)

and assuming an ideal thermal equation of state, we can rewrite the
speci� c enthalpy as

h =
5
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+

R̄vib
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p
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